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Abstract— The elasticity of soft robots is influenced by the
employed controller. High-gain feedback techniques can stiffen
up the behavior of the robot. On the other hand, learning-
based controllers play a crucial role in the trajectory tracking
of flexible arm robots. They mainly rely on feedforward com-
ponents and do not need an accurate description of the model.
Hence, they achieve good tracking performances and result in a
minimal change of the dynamics of the systems. However, any
learning algorithm presents generalization issues: any slight
changes in the desired task leads to a completely new learning
phase. Motivated by this, we focus on the generalization of a
control action to perform trajectories with a different final time.
In particular, we introduce a model of flexible arm robot, then
we give a necessary and sufficient condition to generalize the
control action without any knowledge of the dynamic model.
Additionally, we report a learned-based algorithm to computed
the control action. Finally, we validate the generalization
algorithm simulating a one-link flexible arm, modeled as two
degrees of freedom chain, in which the first joint is active, while
the second is passive.

I. INTRODUCTION

Soft robots include systems with elastic elements lumped
at the joints [1] (i.e. articulated soft robots) and robots
characterized by continuously deformable bodies [2] (i.e.
continuum soft robots). Controlling soft robots is a challenge
yet to be tackled. In particular, three are the main issues [3].

First, flexible robots are characterized by underactuated
dynamics [4]. It is not possible to independently associate
the acceleration of each joint [5].

Another challenge is that the control action affects both
the performance and the flexible arm elastic behavior. Histor-
ically, control techniques use compensation of the dynamics
and high gain feedback loop, stiffening the robot behavior [6]
and [7]. Conversely, feedforward approaches do not change
in the dynamic of the robot [8].

The third challenge for flexible arms is obtaining a reliable
model of the system [9].

A class of learned-based controllers, namely Iterative
Learning Controllers (ILC), tackles these three challenges:
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J2, a2, l2
<latexit sha1_base64="nqUHYvaW7WgOHdG1dfDcVik2bJA=">AAAB/nicbVDLSsNAFL2pr1pfVXHlZrAVXEhJstFlwY24qmAf0IYwmU7aoZNJmJkIJRT8FTcuFHHrd7jzb5y0WWjrgeEezrmXe+cECWdK2/a3VVpb39jcKm9Xdnb39g+qh0cdFaeS0DaJeSx7AVaUM0HbmmlOe4mkOAo47QaTm9zvPlKpWCwe9DShXoRHgoWMYG0kv3pSv/Mzd3aJ8KLwvNT9as1u2HOgVeIUpAYFWn71azCMSRpRoQnHSvUdO9FehqVmhNNZZZAqmmAywSPaN1TgiCovm58/Q+dGGaIwluYJjebq74kMR0pNo8B0RliP1bKXi/95/VSH117GRJJqKshiUZhypGOUZ4GGTFKi+dQQTCQztyIyxhITbRKrmBCc5S+vko7bcOyGc+/Wmm4RRxlO4QwuwIEraMIttKANBDJ4hld4s56sF+vd+li0lqxi5hj+wPr8Ab1Ik/0=</latexit><latexit sha1_base64="nqUHYvaW7WgOHdG1dfDcVik2bJA=">AAAB/nicbVDLSsNAFL2pr1pfVXHlZrAVXEhJstFlwY24qmAf0IYwmU7aoZNJmJkIJRT8FTcuFHHrd7jzb5y0WWjrgeEezrmXe+cECWdK2/a3VVpb39jcKm9Xdnb39g+qh0cdFaeS0DaJeSx7AVaUM0HbmmlOe4mkOAo47QaTm9zvPlKpWCwe9DShXoRHgoWMYG0kv3pSv/Mzd3aJ8KLwvNT9as1u2HOgVeIUpAYFWn71azCMSRpRoQnHSvUdO9FehqVmhNNZZZAqmmAywSPaN1TgiCovm58/Q+dGGaIwluYJjebq74kMR0pNo8B0RliP1bKXi/95/VSH117GRJJqKshiUZhypGOUZ4GGTFKi+dQQTCQztyIyxhITbRKrmBCc5S+vko7bcOyGc+/Wmm4RRxlO4QwuwIEraMIttKANBDJ4hld4s56sF+vd+li0lqxi5hj+wPr8Ab1Ik/0=</latexit><latexit sha1_base64="nqUHYvaW7WgOHdG1dfDcVik2bJA=">AAAB/nicbVDLSsNAFL2pr1pfVXHlZrAVXEhJstFlwY24qmAf0IYwmU7aoZNJmJkIJRT8FTcuFHHrd7jzb5y0WWjrgeEezrmXe+cECWdK2/a3VVpb39jcKm9Xdnb39g+qh0cdFaeS0DaJeSx7AVaUM0HbmmlOe4mkOAo47QaTm9zvPlKpWCwe9DShXoRHgoWMYG0kv3pSv/Mzd3aJ8KLwvNT9as1u2HOgVeIUpAYFWn71azCMSRpRoQnHSvUdO9FehqVmhNNZZZAqmmAywSPaN1TgiCovm58/Q+dGGaIwluYJjebq74kMR0pNo8B0RliP1bKXi/95/VSH117GRJJqKshiUZhypGOUZ4GGTFKi+dQQTCQztyIyxhITbRKrmBCc5S+vko7bcOyGc+/Wmm4RRxlO4QwuwIEraMIttKANBDJ4hld4s56sF+vd+li0lqxi5hj+wPr8Ab1Ik/0=</latexit><latexit sha1_base64="nqUHYvaW7WgOHdG1dfDcVik2bJA=">AAAB/nicbVDLSsNAFL2pr1pfVXHlZrAVXEhJstFlwY24qmAf0IYwmU7aoZNJmJkIJRT8FTcuFHHrd7jzb5y0WWjrgeEezrmXe+cECWdK2/a3VVpb39jcKm9Xdnb39g+qh0cdFaeS0DaJeSx7AVaUM0HbmmlOe4mkOAo47QaTm9zvPlKpWCwe9DShXoRHgoWMYG0kv3pSv/Mzd3aJ8KLwvNT9as1u2HOgVeIUpAYFWn71azCMSRpRoQnHSvUdO9FehqVmhNNZZZAqmmAywSPaN1TgiCovm58/Q+dGGaIwluYJjebq74kMR0pNo8B0RliP1bKXi/95/VSH117GRJJqKshiUZhypGOUZ4GGTFKi+dQQTCQztyIyxhITbRKrmBCc5S+vko7bcOyGc+/Wmm4RRxlO4QwuwIEraMIttKANBDJ4hld4s56sF+vd+li0lqxi5hj+wPr8Ab1Ik/0=</latexit>

k2, d2, m2,
<latexit sha1_base64="G1OwJyDpwQbNIshk4RteUp6sqak=">AAAB+XicbVDLSsNAFL2pr1pfUZduBlvBhZQkG10W3LisYB/QhjCZTNuhk0mYmRRK6J+4caGIW//EnX/jpM1CWw/M5XDOvdw7J0w5U9pxvq3K1vbO7l51v3ZweHR8Yp+edVWSSUI7JOGJ7IdYUc4E7WimOe2nkuI45LQXTu8LvzejUrFEPOl5Sv0YjwUbMYK1kQLbbkwD7wZFRYlNaQR23Wk6S6BN4pakDiXagf01jBKSxVRowrFSA9dJtZ9jqRnhdFEbZoqmmEzxmA4MFTimys+Xly/QlVEiNEqkeUKjpfp7IsexUvM4NJ0x1hO17hXif94g06M7P2cizTQVZLVolHGkE1TEgCImKdF8bggmkplbEZlgiYk2YdVMCO76lzdJ12u6TtN99Ootr4yjChdwCdfgwi204AHa0AECM3iGV3izcuvFerc+Vq0Vq5w5hz+wPn8A9PeRNA==</latexit><latexit sha1_base64="G1OwJyDpwQbNIshk4RteUp6sqak=">AAAB+XicbVDLSsNAFL2pr1pfUZduBlvBhZQkG10W3LisYB/QhjCZTNuhk0mYmRRK6J+4caGIW//EnX/jpM1CWw/M5XDOvdw7J0w5U9pxvq3K1vbO7l51v3ZweHR8Yp+edVWSSUI7JOGJ7IdYUc4E7WimOe2nkuI45LQXTu8LvzejUrFEPOl5Sv0YjwUbMYK1kQLbbkwD7wZFRYlNaQR23Wk6S6BN4pakDiXagf01jBKSxVRowrFSA9dJtZ9jqRnhdFEbZoqmmEzxmA4MFTimys+Xly/QlVEiNEqkeUKjpfp7IsexUvM4NJ0x1hO17hXif94g06M7P2cizTQVZLVolHGkE1TEgCImKdF8bggmkplbEZlgiYk2YdVMCO76lzdJ12u6TtN99Ootr4yjChdwCdfgwi204AHa0AECM3iGV3izcuvFerc+Vq0Vq5w5hz+wPn8A9PeRNA==</latexit><latexit sha1_base64="G1OwJyDpwQbNIshk4RteUp6sqak=">AAAB+XicbVDLSsNAFL2pr1pfUZduBlvBhZQkG10W3LisYB/QhjCZTNuhk0mYmRRK6J+4caGIW//EnX/jpM1CWw/M5XDOvdw7J0w5U9pxvq3K1vbO7l51v3ZweHR8Yp+edVWSSUI7JOGJ7IdYUc4E7WimOe2nkuI45LQXTu8LvzejUrFEPOl5Sv0YjwUbMYK1kQLbbkwD7wZFRYlNaQR23Wk6S6BN4pakDiXagf01jBKSxVRowrFSA9dJtZ9jqRnhdFEbZoqmmEzxmA4MFTimys+Xly/QlVEiNEqkeUKjpfp7IsexUvM4NJ0x1hO17hXif94g06M7P2cizTQVZLVolHGkE1TEgCImKdF8bggmkplbEZlgiYk2YdVMCO76lzdJ12u6TtN99Ootr4yjChdwCdfgwi204AHa0AECM3iGV3izcuvFerc+Vq0Vq5w5hz+wPn8A9PeRNA==</latexit><latexit sha1_base64="G1OwJyDpwQbNIshk4RteUp6sqak=">AAAB+XicbVDLSsNAFL2pr1pfUZduBlvBhZQkG10W3LisYB/QhjCZTNuhk0mYmRRK6J+4caGIW//EnX/jpM1CWw/M5XDOvdw7J0w5U9pxvq3K1vbO7l51v3ZweHR8Yp+edVWSSUI7JOGJ7IdYUc4E7WimOe2nkuI45LQXTu8LvzejUrFEPOl5Sv0YjwUbMYK1kQLbbkwD7wZFRYlNaQR23Wk6S6BN4pakDiXagf01jBKSxVRowrFSA9dJtZ9jqRnhdFEbZoqmmEzxmA4MFTimys+Xly/QlVEiNEqkeUKjpfp7IsexUvM4NJ0x1hO17hXif94g06M7P2cizTQVZLVolHGkE1TEgCImKdF8bggmkplbEZlgiYk2YdVMCO76lzdJ12u6TtN99Ootr4yjChdwCdfgwi204AHa0AECM3iGV3izcuvFerc+Vq0Vq5w5hz+wPn8A9PeRNA==</latexit>

yd(tf)
<latexit sha1_base64="sI4vMurViReloaA3NfFc1Cr/8KU=">AAACAXicdZDLSgMxFIYz9VbrrepGcBNshbopmanVLgtuXFawF2hLyaSZNjRzITkjlqFufBU3LhRx61u4821ML4KK/hD4+M85nJzfjaTQQMiHlVpaXlldS69nNja3tneyu3sNHcaK8ToLZahaLtVcioDXQYDkrUhx6ruSN93RxbTevOFKizC4hnHEuz4dBMITjIKxetmD/LjXAX4LSX9SgAV6k5N8L5sjRVIuO6c2NlBxnBIxUCK2Q86wXSQz5dBCtV72vdMPWezzAJikWrdtEkE3oQoEk3yS6cSaR5SN6IC3DQbU57qbzC6Y4GPj9LEXKvMCwDP3+0RCfa3Hvms6fQpD/bs2Nf+qtWPwKt1EBFEMPGDzRV4sMYR4GgfuC8UZyLEBypQwf8VsSBVlYELLmBC+LsX/Q8Mp2qRoXzm5KlnEkUaH6AgVkI3OURVdohqqI4bu0AN6Qs/WvfVovViv89aUtZjZRz9kvX0Cp5GW8w==</latexit><latexit sha1_base64="sI4vMurViReloaA3NfFc1Cr/8KU=">AAACAXicdZDLSgMxFIYz9VbrrepGcBNshbopmanVLgtuXFawF2hLyaSZNjRzITkjlqFufBU3LhRx61u4821ML4KK/hD4+M85nJzfjaTQQMiHlVpaXlldS69nNja3tneyu3sNHcaK8ToLZahaLtVcioDXQYDkrUhx6ruSN93RxbTevOFKizC4hnHEuz4dBMITjIKxetmD/LjXAX4LSX9SgAV6k5N8L5sjRVIuO6c2NlBxnBIxUCK2Q86wXSQz5dBCtV72vdMPWezzAJikWrdtEkE3oQoEk3yS6cSaR5SN6IC3DQbU57qbzC6Y4GPj9LEXKvMCwDP3+0RCfa3Hvms6fQpD/bs2Nf+qtWPwKt1EBFEMPGDzRV4sMYR4GgfuC8UZyLEBypQwf8VsSBVlYELLmBC+LsX/Q8Mp2qRoXzm5KlnEkUaH6AgVkI3OURVdohqqI4bu0AN6Qs/WvfVovViv89aUtZjZRz9kvX0Cp5GW8w==</latexit><latexit sha1_base64="sI4vMurViReloaA3NfFc1Cr/8KU=">AAACAXicdZDLSgMxFIYz9VbrrepGcBNshbopmanVLgtuXFawF2hLyaSZNjRzITkjlqFufBU3LhRx61u4821ML4KK/hD4+M85nJzfjaTQQMiHlVpaXlldS69nNja3tneyu3sNHcaK8ToLZahaLtVcioDXQYDkrUhx6ruSN93RxbTevOFKizC4hnHEuz4dBMITjIKxetmD/LjXAX4LSX9SgAV6k5N8L5sjRVIuO6c2NlBxnBIxUCK2Q86wXSQz5dBCtV72vdMPWezzAJikWrdtEkE3oQoEk3yS6cSaR5SN6IC3DQbU57qbzC6Y4GPj9LEXKvMCwDP3+0RCfa3Hvms6fQpD/bs2Nf+qtWPwKt1EBFEMPGDzRV4sMYR4GgfuC8UZyLEBypQwf8VsSBVlYELLmBC+LsX/Q8Mp2qRoXzm5KlnEkUaH6AgVkI3OURVdohqqI4bu0AN6Qs/WvfVovViv89aUtZjZRz9kvX0Cp5GW8w==</latexit><latexit sha1_base64="sI4vMurViReloaA3NfFc1Cr/8KU=">AAACAXicdZDLSgMxFIYz9VbrrepGcBNshbopmanVLgtuXFawF2hLyaSZNjRzITkjlqFufBU3LhRx61u4821ML4KK/hD4+M85nJzfjaTQQMiHlVpaXlldS69nNja3tneyu3sNHcaK8ToLZahaLtVcioDXQYDkrUhx6ruSN93RxbTevOFKizC4hnHEuz4dBMITjIKxetmD/LjXAX4LSX9SgAV6k5N8L5sjRVIuO6c2NlBxnBIxUCK2Q86wXSQz5dBCtV72vdMPWezzAJikWrdtEkE3oQoEk3yS6cSaR5SN6IC3DQbU57qbzC6Y4GPj9LEXKvMCwDP3+0RCfa3Hvms6fQpD/bs2Nf+qtWPwKt1EBFEMPGDzRV4sMYR4GgfuC8UZyLEBypQwf8VsSBVlYELLmBC+LsX/Q8Mp2qRoXzm5KlnEkUaH6AgVkI3OURVdohqqI4bu0AN6Qs/WvfVovViv89aUtZjZRz9kvX0Cp5GW8w==</latexit>

Fig. 1. Model of a one-link flexible arm.

the control action is (almost) model-free and feedforward,
and dealing with the system underactuation through a de-
pendence on the system relative degree [10].

To solve this issue, several generalization algorithms for
articulated soft robots have been proposed. In [11] the
Authors generalize the control action w.r.t. the velocity exe-
cution of the trajectory. In [12], the generalization approach
regards the stiffness of the joints. Finally, [13] proposes
a method to track a novel trajectory exploiting previous
examples and without new learning processes.

In this work, we extend the time generalization approach
presented in [11] for one-link flexible arms. In particular, we
introduce the model of a flexible arm, then we draw a neces-
sary and sufficient condition on the number of experiments
needed to generalized a learned based control action as the
one proposed in [14].

II. PROBLEM DEFINITION

We model the one-link flexible arm such according to [4].
Indeed, the continuum arm is discretized as a robot with a
combination of active and passive elastic joints, i.e.

M(q)q̈+C(q, q̇)q̇+G(q)+Dq̇+Kq = τL = Fθ , (1)

where q, q̇, q̈∈Rn are the joint position, velocity and acceler-
ation vectors, respectively. We indicate with nA the number
of active joints, while nP is the number of the passive ones,
such that nA +nP = n. M(q) ∈ Rn×n and C(q, q̇) ∈ Rn×n are
the inertia and Coriolis matrix of the robot, respectively.
G(q) ∈ Rn includes the gravity effect, and D,K ∈ Rn×n are
the diagonal damping and stiffness matrix. In torque term
Fθ , θ is the motor position, which is the control input, and
F : Rn×RnA → Rn indicates the underactuation matrix.



The output function can be written with a combination of
joint positions, i.e.,

y = T q , (2)

where T ∈ RnA×n is a linear constant map.
Let us assume what follow.

A1) The system (1) is SISO (single input single output), i.e.,
nA = 1.

A2) The system (1) is smooth in the sense of
||C(qa, q̇a)−C(qb, q̇b)|| ≤ C0 ||qa−qb|| + C1 ||q̇a− q̇b||,
with C0, C1 ∈ R.

A3) The system (1) has a relative degree equal to r.
A4) Given a database of learned controllers, we indicate

with re a generic experiment and with ω the number
of experiments, i.e., re = 1, · · · ,ω .

A5) The desired trajectory to track yd : [0, tf]→R (tf terminal
time), is feasible, continuous, r times differentiable ∀t ∈
[0, tf] and such that yd = y(αTt).

Applying the procedure in [11], for a one desired trajectory
y(αTt) scaled from an αT ∈ R factor leads to

ŷ(αTt) = y(αTt) , (3)

˙̂y(αTt) = ẏ(αTt) = αT
dy(αTt)
d(αTt)

, (4)

¨̂y(αTt) = ÿ(αTt) = α
2
T

d2y(αTt)
d(αTt)2 . (5)

Given a ω-dim set of controllers and given the desired
trajectory yd, the goal of this work is to design a model-
free and feedforward control action able to track yd, using
the ω-dim database.

III. PROBLEM SOLUTION

In this section, inspired by [11] and [15], we propose a
method to generalize the task velocity execution.

Theorem 1. Let be the system (1), let be (2) the output
function and let re = 1, . . . ,ω be the re− th experiment. In
order to time scaling the desired trajectory the necessary
and sufficient number of distinct experiments ω to express
analytically Fθ without any knowledge of the model is 3.

Proof. The i−th line of the dynamics in (1) can be written
as

∑
j

Mi j(q)q̈ j +∑
jl

Γi jl(q)q̇ jq̇l

+Gi(q)+Diq̇i +Kiqi = Fiθi(t) = τi(t) ,
(6)

where Γi jl are the Christoffel symbols.
Substituting (6) and (3)-(5) in (2) leads to(

∑
i j

TiMi j ¨̂q j +∑
i jl

TiΓi jl ˙̂q j ˙̂ql

)
reα

2
T +

(
∑

i
TiDi ˙̂qi

)
reαT

+∑
i
(TiGi +TiKiq̂i) = τre ,

(7)
with i, j, l = 1, · · · ,n.

Since the system is SISO, (7) is a scalar equation, which
can be written as a polynomial in reαT

re α
2
Tξ2 +

reαTξ1 +ξ0 = τre , (8)

where ξ0,ξ1,ξ2 ∈ R are functions of time.
Defining ξ = [ξ0,ξ1,ξ2]

ᵀ ∈ R3, (8) represents the re−th
line of a linear system. Indeed, Performing re = 1, 2, 3
experiments, leads to the linear system

Pξ (t) = τ(t) . (9)

We are interested to determinate the ξ (t) vector, so (9) has to
be invertible. The matrix P∈R3×3 is a Vandermonde matrix
which is alway invertible if and only if reα 6= riα,∀re 6= ri.

In order to compute, the control τd such as yd = hd(t) =
h(tαT) can be found as{

ξ = P−1τ

τd(t) =
[
α2

T, αT 1
]

ξ
. (10)

Remark 1. Eq. (10) leads to a feedforward action. The
method only depends on the database, i.e. τ , which collects
the employed controller.

In [14], we proposed a pure feedforward ILC-based control
law and we proved its convergence via inertial conditions. We
here summarize the result of [14] in the following Theorem,
which is used to compute τre ∀re.

Theorem 2. Let be system (1), and a desired output yd(t).
Assuming q j(0) = qd(0), ∀ j (=iteration index). The control
law

θ j+1(t) = θ j(t)+
ε

T M(q)−1F

r

∑
i=0

γi

(
y(i)d (t)− y(i)j (t)

)
, (11)

with ε ∈ [0,1), γi ∈ R, i = 1, · · · ,r control gains and y(i)j the
i−th derivative of the output, is convergent.

Proof. See [14].

IV. VALIDATION

In this section, we test the effectiveness of the general-
ization method. We simulate a system as depicted in Fig. 1,
where the first joint is active and the second is passive. The
dynamic model is reported in [14].

The dynamic parameters m = 0.45kg, J = 0.01kgm2, l =
0.06m, a = 0.12m, k = 3N/rad and d = 0.05Ns/rad are the
mass, inertia, length, center of mass distance, spring and
damper of each link, respectively.

The value of the parameters γ in (11) are chosen such as
γ = [γ0, γ1, γ2] = [100, 10, 1]. Since the starting position of
the robot is x(0) = 04×1, the initial guess θ0 in (11) is null.

In order to quantify the tracking performance, the root
mean square (RMS) is employed.

We here focus on the angular position of the robot, i.e.,
T =

[
1 1

]
, and q =

[
q1 q2

]ᵀ in (2). Hence, the relative
degree r of the system is such as r = 2.

As desired trajectory, we use a minimum jerk signal that
starts from the initial position y0 = 0 and reaches the final
position yf =

π

4 .
The ILC database is obtained performing ω = 3 minimum

jerk trajectories with different final time, in particular tf =
{5,10,15}s so αT =

{ 1
2 , 1, 3

2

}
w.t.r. of the 10s trajectory.



Then, we tested the generalizating approach applying (10)
for 25 scaled factors αT =

{ 1
10 ,

1
5 ,

3
10 , · · · ,

5
2

}
with the

respect of the 10s minimum jerk.

(a) Error evolution over iteration.

(b) ILC Database.

Fig. 2. RR: simulation results for the minimum jerk trajectory.

Fig. 2 reports the simulative results of the iterative learning
process. Fig. 2(a) shows error evolution over iterations, while
Fig. 2(b) reports the torques computed at the last iteration,
which are collected in τ = [τ1, τ2, τ3]

ᵀ of (10).

Fig. 3. RMS over time execution.

Fig. 3 depicts the RMS for all the tested trajectories testing
the 25 scaled trajectories.

Fig. 4. Output tracking performance.

Finally, Fig. 4 reports a subset, i.e. αT =
{ 1

10 ,
3
5 ,

11
10 ,

21
10

}
,

of the tracking performance at the last iteration.
Results show that the proposed method is able to achieve

good tracking performances, without any description of the
model, while preserving the elastic behavior and compensat-
ing the presence of passive elements in the chain.

Not surprisingly, the best tracking performances are in
the middle of the already learned torques: the error grows
linearly from tf = 15sec.

The RMS error averaged in all the 25 scale simulation
trials is about 0.0032rad.

V. CONCLUSION

This article proposes an algorithm to generalize acquired
control inputs w.r.t. the velocity of the desired trajectory
for a one-link flexible arm. Results show that the minimum
number of experiments required to achieve velocities gener-
alization is three. The proposed method is feedforward and
model-free. Simulation results show that it archives good
tracking performances.

Future work will study the generalization of learned tra-
jectories w.r.t. stiffness behavior and space trajectory.
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